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Abstract: In this paper we show a quantitative rigidity result for the mini-
mizer of the Willmore functional among all projective planes in Rn with n ≥ 4.
We also construct an explicit counterexample to a corresponding rigidity result
in codimension one, by showing that an Enneper surface might split-off during
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[LaNg14].
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1 Introduction
It is a classical result of Codazzi that two-dimensional surfaces in euclidean space which are
totally umbilic are parts of a round sphere or a plane. This result was made quantitative
in two papers of DeLellis and Mu¨ller [dLMu05], [dLMu06], in which they showed that
closed surfaces in R3 with small enough tracefree second fundamental form A0 in L2 (or
equivalently with Willmore energy close to its absolute minimum value 4π among all closed
surfaces) have to beW 2,2-close to a round sphere. Additionally, the conformal factor of the
pull-back metric has to be L∞-close to the one of the round sphere. These results relied
on delicate estimates for conformal immersions in the Hardy space which were derived
by Mu¨ller and Sverak [MuSv95]. One of the key features of the estimates of DeLellis
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and Mu¨ller is that the W 2,2-estimate for the difference of the immersion and a standard
immersion of a round sphere, resp. the L∞-estimate of the difference of the conformal
factors, depends linearly on the L2-norm of A0.
Recently the authors were able to extended these results to surfaces in Rn, see
[LaSch14].
Recall that for a smooth immersion f : Σ → Rn of a closed surface, we have by the
Gauß equations and the Gauß-Bonnet theorem
W(f) = 1
4
∫
Σ
|Af |2 dµf + πχ(Σ) = 1
2
∫
Σ
|A0f |2 dµf + 2πχ(Σ),
where
W(f) = 1
4
∫
Σ
|Hf |2 dµf
is the Willmore energy of f . Critical points of W are called Willmore surfaces.
In the case of spherical surfaces Σ and n = 3, Bryant [Br84] was able to classify all
(smooth) critical points fW of W. More precisely, he showed that they are inversions of
complete minimal surfaces with finite total curvature and embedded planer ends. Addi-
tionally he showed that the Willmore energy is quantized in the sense that
W(fW ) = 4πm,
where m is the number of ends of the minimal surface associated to fW and the values
m = 2, 3 are not attained since there are no minimal surfaces with two or three ends
satisfying the above conditions. A similar result was shown to be true for n = 4 by Montiel
[Mo00]. The result of Bryant was extended to possibly branched Willmore spheres with at
most three branch points (including multiplicity) by the first author and Nguyen [LaNg15].
It was shown that the Willmore energy remains quantized under this assumption. A fact
which is no longer true without the restriction on the number of branch points as was
observed by Chen and Li [ChLi14] and Ndiaye and the second author [NdSch15]. Once
singularities are allowed, the energy values 8π and 12π show up and they are realized by
inversions of the catenoid, resp. the Enneper surface and the trinoid.
In a recent paper, the first author and Nguyen [LaNg14], were able to obtain quan-
titative rigidity results for immersions which are close in energy to the inverted catenoid
or the inverted Enneper surface and which have at least a multiplicity two point resp.
a branch point of branch order two. These immersions have to be W 2,2-close to the
inverted catenoid resp. inverted Enneper surface modulo Mo¨bius transformations and
reparametrizations. Additionally, in higher codimensions, a corresponding quantitative
rigidity result was shown to hold for immersions which are close in energy to an inversion
of the so called Chen graph (see section 3.1 for more details). These results were obtained
by a contradiction argument and hence the linear estimate which was present in the works
of DeLellis-Mu¨ller and the authors of this paper on immersions which are close in energy
to the round sphere, is not known so far.
The goal of the present paper is two-fold: First we show that the contradiction argu-
ment for the quantitative rigidity result can be extended to non-orientable surfaces and we
prove that immersions of RP2 in Rn, with n ≥ 4, whose Willmore energy is close to 6π, the
minimal value which is attained by all Mo¨bius transformations of the stereographic image
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of the Veronese embedding as was shown by Li and Yau [LY82], have to be W 2,2-close
to these surfaces after applying an appropriate Mo¨bius transformation. Additionally, we
show that the conformal factors have to be L∞-close to each other.
In the second part of the paper we first prove a classification theorem (see Theorem 3.1)
for possible limits modulo Mo¨bius transformations and reparametrizations of a sequence
of possibly branched conformal immersions which converges weakly in W 2,2(S2,Sn) and
in energy to a possibly branched limiting conformal immersion. Our result says that all
possible limits have to be either finitely-covered round spheres or a Mo¨bius transformation
and reparametrization of the limit of the original sequence.
Then we use this result in order to show that the above mentioned rigidity results
are in some sense optimal. More precisely, we show that conformal immersions of RP2
in R3, which are in energy close to the absolute minimum W = 12π, do not have to
be W 2,2-close to an immersion attaining the minimum value. The reason for this is a
non-compactness property of the moduli space of all such immersions, which was already
observed by Bryant [Br88]. Namely, there exists a branched immersion of RP2 into R3 with
Willmore energy 12π. The way we construct our counterexample to the rigidity result is
by glueing a rescaled version of the Enneper surface into this branched minimizer, thereby
desingularizing the immersion. One of the blow-up limits is trivially the Enneper surface
itself, which by the above mentioned classification theorem contradicts a possible rigidity
result. This answers a question of Bryant [Br88].
In the case of conformal immersions of spheres in Rn, n ≥ 4, we construct counterex-
amples to possible rigidity results for critical values of the Willmore energy W(f) = 4πm
once m ≥ 2. We do this by glueing two appropriately rescaled copies of the conformal
minimal immersions f : C→ C2, f(z) = (zm, z) into a m-fold branched plane (zm, 0) and
then we invert the resulting surface. Together with the classification theorem this yields
again a contradiction to a rigidity result.
In codimension one a similar construction works for all values of m = 2k + 1, k ∈ N,
by using the so called higher order Enneper surfaces (see section 3.2). For m = 4 we
construct a counterexample by using minimal surfaces classified by Lopez [Lo92].
In the following we give a brief outline of the paper.
In section 2 we show the quantitative rigidity result for the stereographic image of the
Veronese embedding of RP2.
In section 3 we present detailed constructions of the above mentioned counterexamples
to the quantitative rigidity results.
In the Appendix we show convergence results for conformal factors under appropri-
ate convergence assumptions on the corresponding (branched) conformal immersions. In
particular, we establish closeness results for conformal factors which were left open in
[LaNg14].
2 Rigidity for the Veronese embedding
By a result of Li and Yau (see Theorem 4 in [LY82]) we know that for all smooth immersions
f : RP2 → Rn with n ≥ 4, we have
W(f) ≥ 6π
3
and equality is attained for all Mo¨bius transformations of the stereographic image of the
Veronese embedding V : RP2 → S4, which is given by
V (x, y, z) =
1√
3
(yz, xz, xy,
1
2
(x2 − y2), 1
2
√
3
(x2 + y2 − 2z2)).
Here we want to study a rigidity result related to this fact. Before we can formulate the
main result of this section we have to recall the definition of a (branched) W 2,2-conformal
immersion from [KuLi12].
Definition 2.1 Let Σ be a Riemann surface. A map f ∈W 2,2loc (Σ,Rn) is called a conformal
immersion if in any local conformal coordinates (U, z), the metric gij = 〈∂if, ∂jf〉 is given
by
gij = e
2uδij , u ∈ L∞loc(U).
The set of all W 2,2-conformal immersions of Σ is denoted W 2,2conf (Σ,R
n).
Moreover, a map f ∈ W 2,2(Σ,Rn) is called a branched conformal immersion (with
locally square integrable second fundamental form) if f ∈W 2,2conf (Σ\S,Rn) for some discrete
set S ⊂ Σ and if for each p ∈ S there exists a neighbourhood Ωp such that in local conformal
coordinates ∫
Ωp\{p}
|Af |2dµf <∞.
Additionally, we either require that µf (Ωp\{p}) <∞ or that p is a complete end.
Remark 2.2 We note that it follows from Theorem 3.1 in [KuLi12] that every branch
point p ∈ Σ of a W 2,2-branched conformal immersion f : Σ → Rn has a well-defined
branch order m(p) ∈ N0.
Now we are in a position to formulate our rigidity result.
Theorem 2.1 There exists a number δ0 > 0 so that for every 0 < δ < δ0 and every
f ∈W 2,2conf(RP2,Rn) with n ≥ 4 and
W(f) ≤ 6π + δ,
there exists a constant ω(δ) with ω(δ) → 0 as δ → 0, a Mo¨bius transformation σ : Rn →
R
n and a Mo¨bius transformation of the stereographic image of the Veronese embedding
fV : RP
2 → R4 ⊂ Rn so that
‖σ ◦ f − fV ‖W 2,2(RP2,Rn) + ‖u− uV ‖L∞(RP2) ≤ ω(δ),
where u and uV are the conformal factors of the conformal immersions σ ◦ f and fV . ✷
In the proof of this result we will make heavy use of Proposition 4.1 in [KuLi12] (see
also [Ri14] for related results). Note that orientability is not an assumption in this result.
Proposition 2.3 Let Σ be a closed Riemann surface and fk ∈W 2,2conf(Σ,Rn) be a sequence
of conformal immersions satisfying
W(fk) ≤ Λ < +∞.
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Then for a subsequence there exist Mo¨bius transformations σk and a finite set S ⊂ Σ such
that
σk ◦ fk → f
weakly in W 2,2loc (Σ\S,Rn), where f : Σ → Rn is a branched conformal immersion with
square integrable second fundamental form. Moreover, if Λ < 8π then f is unbranched
and topologically embedded.
Remark 2.4 We note that the above Proposition extends directly to sequences of branched
conformal immersions with a uniform bound on the number of branch points (see e.g.
Proposition 3.3 in [LaNg14]).
Remark 2.5 From the proof of Proposition 4.1 in [KuLi12] it actually follows that there
exists a constant C <∞ so that
‖uk‖L∞
loc
(Σ\S) ≤ C,
where (σk ◦ fk)∗δRn = e2ukg0 and g0 is a smooth background metric on Σ.
This can be seen as follows:
The Mo¨bius transformations σk are a composition of a translation (which we can ignore
when it comes to bounding the conformal factor), a dilation by a factor rk so that the
conformal factors of fk have mean value zero on Σ, and an inversion at a ball of radius 1
centered at a point x0 whose distance to r
−1
k fk(Σ) is bigger than or equal to one.
Now the conformal factors vk of r
−1
k fk are bounded in L
∞
loc(Σ\S) as was shown by
Kuwert and Li. Hence one concludes that f˜k := r
−1
k fk → f in W 2,2loc (Σ\S).
In the case lim supk→∞ µf˜k(Σ) <∞, one concludes f ∈W 2,2(Σ), and for a subsequence
we set σk = r
−1
k and the claim is proved.
For the other alternative µf˜k(Σ)→∞, we choose an inversion as above and get I(f˜k)→
I(f) weakly in W 2,2loc (Σ\S,Rn). This can be seen by considering U(x) ⊂⊂ Σ\S and by
noting that f˜k → f weakly in W 2,2(U(x),Rn), in particular the convergence is uniform on
U(x). Hence |f˜k| ≤ R is uniformly bounded on U(x) and by the choice of the inversion
I = Ix0 we have |f − x0| ≥ 1 on Σ ⊇ U(x). Since I is smooth on B2R(0)\B1(x0),
we conclude I(f˜k) → I(f) in W 2,2(U(x),Rn). More precisely, we have that |detDI| is
bounded from above and below by positive constants on the compact set B2R(0)\B1(x0)
and hence I∗δRn = e
2vδRn where v ∈ L∞(B2R(0)\B1(x0)). Therefore we have
(I(f˜k))
∗δRn = (f˜k)
∗(e2vδRn) = e
2(vk+v◦(f˜k))δRn ,
and the new conformal factor vk + v ◦ (f˜k) remains bounded in U(x), and therefore in
L∞(Σ\S). Here we set σk = I(r−1k ·) and the claim is again proved.
Proof of Theorem 2.1:
We argue by contradiction. Hence we assume that there exists a sequence δk → 0, a
sequence of W 2,2-conformal immersions fk : RP
2 → Rn satisfying
6π ≤ W(fk) ≤ 6π + δk
and a number ε > 0 so that
‖Φk ◦ fk − fV ‖W 2,2(RP2,Rn) ≥ ε,
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for every sequence of Mo¨bius transformations Φk : R
n → Rn and all Mo¨bius transforma-
tions of the stereographic image of the Veronese embedding fV : RP
2 → R4 ⊂ Rn.
Using Proposition 2.3, we get the existence of Mo¨bius transformations σk : R
n → Rn
and an at most finite set S ⊆ RP2 so that f˜k := σk ◦ fk → f weakly in W 2,2loc (RP2\S,Rn).
Since
W(fk)→ 6π < 8π,
we know additionally that f ∈ W 2,2conf (RP2,Rn) is a conformal immersion without branch
points and hence we have that
g := f∗δRn = e
2ug
RP
2 , where u ∈ L∞(RP2).
Using an approximation argument of Schoen-Uhlenbeck as in [KuSch13] Proposition 5.2
resp. Theorem 5.1 and using Theorem 4 in [LY82], we get that
W(f) ≥ inf
h:RP2→Rn smooth
W(h) ≥ 6π.
Note again that these results do not require the surface to be orientable.
Next, using Gauss-Bonnet and the Gauss equation as in Proposition 5.2 of [KuSch13]
we conclude∫
RP
2
|Af |2 dµf = 4W(f)− 4πχ(RP2) ≥ lim sup
k→∞
∫
RP
2
|Af˜k |
2 dµf˜k = 20π.
It follows from Remark 2.5 that the conformal factor u˜k of f˜k is bounded in L
∞
loc(RP
2\S).
Going back to the proof of Proposition 4.1 in [KuLi12] and defining
α˜k := |Af˜k |
2 dµf˜k → α˜,
we get
|Af |2 dµf ≤ α˜
in RP2. We first get this in RP2\S, and and then on all of RP2 since ∫S |Af |2 dµf = 0.
On the other hand we have that
α˜(RP2) ≤ lim sup
k→∞
∫
RP
2
|Af˜k |
2 dµf˜k ≤
∫
RP
2
|Af |2 dµf
and therefore
α˜ = |Af |2 dµf .
In particular we conclude that
α˜(p) = 0
for all p ∈ RP2.
Defining a new concentration set
S˜ = {p ∈ RP2 : α˜({p}) > 0}
we get S˜ = ∅. Note that S˜ = S if σk only consists of translations and dilations.
Hence, by repeating the arguments of Proposition 4.1 in [KuLi12] we get that for the
rescaled immersions fˆk = r˜
−1
k f˜k, where r˜k is chosen so that the mean value of the conformal
factor uˆk = u˜k − log r˜k of fˆk is equal to zero, uˆk is uniformly bounded in L∞(RP2).
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Since the conformal factors u˜k are already bounded in L
∞
loc(RP
2\S) (see Remark 2.5),
we conclude that log r˜k has to be uniformly bounded and therefore u˜k is uniformly bounded
in L∞(RP2).
Arguing as in Proposition 5.3 of [KuSch13] or in Remark 2 after Proposition 6.1 in
[Sch13], we get that f˜k → f strongly in W 2,2(RP2,Rn). Using the arguments in [Sim93]
one obtains the smoothness of f and by Theorem 4 in [LY82] we get that f is a Mo¨bius
transformation of the stereographic image of the Veronese embedding, contradicting our
assumption.
The closeness result for the conformal factors now follows from the previous conver-
gence considerations and Theorem A.1.
///
3 Non-rigidity results
In this section we use a glueing argument in order to construct counterexamples to rigid-
ity results for conformal immersions of spheres in arbitrary codimension once the cor-
responding energy level is high enough. Our key ingredient in the construction is the
following Theorem which classifies possible limits modulo Mo¨bius transformations and
reparametrizations of a strongly converging sequence of conformal immersions.
Theorem 3.1 Let fk ∈W 2,2(S2,Sn) be a sequence of possibly branched conformal immer-
sions which converges weakly in W 2,2(S2,Sn) to a possibly branched conformal immersion
f ∈W 2,2(S2,Sn) with singular set S. Moreover, we assume that
∫
S2
|Afk |2 dµfk →
∫
S2
|Af |2 dµf
and that f ∈ C1(S2\S,Sn).
For any sequence of reparametrizations ϕk : S
2 → S2 and Mo¨bius transformations
Φk : S
n → Sn so that Φk ◦ fk ◦ ϕk converges locally weakly in W 2,2(S2\S1,Sn) (where
S1 is again an at most finite set of points) to a possibly branched conformal immersion
h ∈ W 2,2(S2,Sn), we have that h is either a finitely-covered sphere or h = Φ ◦ f ◦ ϕ for a
reparametrization ϕ : S2 → S2 and a Mo¨bius transformation Φ : Sn → Sn.
Proof:
First of all we note that by Fatou’s lemma there exists a constant c0 > 0 so that
µfk(S
2) ≥ c0 and µΦk◦fk(S2) ≥ c0.
Additionally, we claim that after composing the sequences fk resp. Φk ◦ fk with an
inversion, there exists a constant C <∞ so that
µfk(S
2), µΦk◦fk(S
2) ≤ C.
In order to see this, we note that up to a subsequence, µfk → µ and µΦk◦fk → µ˜ weakly as
Radon measures. Hence it follows from Proposition A.2 in [LaSch14] that fk(S
2)→ sptµ
and Φk(fk(S
2))→ sptµ˜ locally in the Hausdorff distance. Now there exists x0 ∈ Rn\(sptµ∪
sptµ˜), i.e. there exists a δ > 0 so that
d(x0, fk(S
2)), d(x0,Φk(fk(S
2))) ≥ δ > 0.
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Inverting both sequences at Bδ(x0) we conclude that the images of the two sequences are
contained in Bδ(x0) and the weak convergence properties remain true. Moreover, the new
surfaces satisfy the area bound by [Sim93].
Next we let xk = Φ
−1
k (∞) and we consider three cases:
Case 1: xk →∞
After a small rotation of Sn we can assume that Φk(∞) =∞, hence
Φk(x) = λkOkx+ vk,
for all x ∈ Rn, where Ok is orthogonal. In this case we get the bound
c0/C ≤ λ2k = µΦk◦fk(S2)/µfk(S2) ≤ C/c0.
Using that fk(S
2), (Φk ◦ fk)(S2) ⊆ Bδ(x0), this in turn implies a uniform bound for the
vk’s and hence Φk → Φ up to a subsequence. In the following we assume without loss of
generality that Φ = id.
By assumption fk converges to f uniformly on S
2 and fk ◦ ϕk converges to h locally
uniformly on S2\S1. For every q ∈ S2\S1 and ϕk(q) → q˜ ∈ S2 we get after choosing a
subsequence
h(q)← (fk ◦ ϕk)(q)→ f(q˜)
and by continuity of h this implies h(S2) ⊆ f(S2).
Next, we choose p0 ∈ S2\(S1∪h−1(f(S))) and we note that it follows from the finiteness
of
∫
S2
|Ah|2 dµh and Corollary 3 in [Ng12] that the set h−1(f(S)) is finite. Hence, it
follows from Proposition 7.1 in [Sch13] (or again Corollary 3 in [Ng12]) that f−1(h(p0)) =
{q1, . . . , qm}, qi 6= qj for i 6= j, is also finite and qi /∈ S for all i ∈ {1, . . . ,m}. Since f is
a C1-immersion away from finitely many points in S, and by using the inverse function
theorem, we additionally get the existence of small balls B(qi) and B(h(p0)) so that
B(qi) ∩B(qj) = ∅ for i 6= j, f = fi : B(qi) ≈−→B(h(p0)) ∩ f(B(qi)) and
f−1(B(h(p0))) = ∪mi=1B(qi).
Next we choose another ball B(p0) so that h(B(p0)) ⊆ B(h(p0)) and so that fk ◦ ϕk
converges uniformly to h on B(p0).
Now we let pk ∈ B(p0) with pk → p ∈ B(p0) and qk := ϕk(pk)→ q ∈ S2. We conclude
that
f(q)← fk(qk) = (fk ◦ ϕk)(pk)→ h(p) ∈ h(B(p0)) ⊆ B(h(p0)),
and therefore q ∈ f−1(B(h(p0))) = ∪mi=1B(qi). In particular this shows that ϕk(pk) =
qk ∈ ∪mi=1B(qi) for k large enough, and hence
ϕk(B(p0)) ⊆ ∪mi=1B(qi)
and for B(p0) connected we get the existence of an i ∈ {1, . . . ,m} with
ϕk(B(p0)) ⊆ B(qi).
Using this fact we get qk = ϕk(pk) ∈ B(qi) and hence q ∈ B(qi), i.e. q /∈ B(qj) for
j 6= i. On the other hand we know that q ∈ ∪mj=1B(qj) and therefore q ∈ B(qi) and
q = f−1i (h(p)). In particular this shows that
ϕk|B(p0) → f
−1
i ◦ h
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uniformly and the right hand side is again in W 2,2 ∩W 1,∞(B(p0)).
Altogether we get that ϕk → ϕ locally uniformly on S2\(S1 ∪ h−1(f(S))) and ϕ :
S
2\(S1 ∪ h−1(f(S)))→ S2 is in W 2,2loc ∩W 1,∞loc (S2\(S1 ∪ h−1(f(S))),S2) with h = f ◦ ϕ.
Since both f and h are conformal on S2\(S1 ∪ h−1(f(S))), it follows that ϕ is also
conformal and we can choose an orientation on the connected set S2\(S1 ∪ h−1(f(S))) so
that ϕ is holomorphic on this set.
For S2\(S1 ∪ h−1(f(S))) ∋ pk → p ∈ S1 ∪ h−1(f(S)) and ϕ(pk)→ q we get
f(q)← (f ◦ ϕ)(pk) = h(pk)→ h(p)
and thus q ∈ f−1(h(S1 ∪ h−1(f(S)))) 6= S2. Therefore the points in S1 ∪ h−1(f(S)) are
removable singularities for ϕ by the Theorem of Casorati-Weierstrass and we obtain a
holomorphic extension ϕ : S2 → S2 with h = f ◦ ϕ. Since ϕ is holomorphic and non-
constant it is a branched immersion and we get
∫
S2
|Af |2 dµf = lim
k→∞
∫
S2
|Afk |2 dµfk ≥
∫
S2
|Ah|2 dµh = degϕ
∫
S2
|Af |2 dµf
and hence we conclude that degϕ = 1, which implies via the Riemann-Hurwitz formula
(see e.g. Theorem I.2.7 in [FaKr] or Theorem 2.5.2 in [Jo]) that ϕ is a diffeomorphism.
Therefore we conclude that h is a reparametrization of f and
∫
S2
|Ah|2 dµh =∫
S2
|Af |2 dµf .
Case 2: xk → x ∈ Rn and x 6∈ f(S2)
We let Ixk(x) := (x− xk)/|x− xk|2 and define Ψk := Φk ◦ I−1xk . Then Ψk(∞) =∞ and
again we have Ψk = λkOk + vk. Now Ixk converges smoothly to Ix in a neighborhood of
f(S2), in particular Ixk ◦ fk → Ix ◦ f and we can replace fk by Ixk ◦ fk, Φk by Ψk and we
are back in case 1).
Case 3: xk → x ∈ Rn and x ∈ f(S2)
We let Ixk and Ψk be as in case 2), and we note that
µIxk◦fk(S
2)→∞
and hence
λ2k = µΨk◦Ixk◦fk(S
2)/µIxk◦fk(S
2)→ 0.
After choosing a subsequence we can also assume that vk → v ∈ Rn ∪ {∞}. For yk → y ∈
S
n\{x} we get
Ixk(yk)→ Ix(y) ∈ Rn
and
Φk(yk) = Ψk(Ixk(yk)) = λkOkIxk(yk) + vk → v.
Choosing a metric on Rn ∪ {∞} ∼= Sn, we conclude for every δ > 0
Φ−1k (S
n\Bδ(v)) ⊆ Bδ(x)
for all k large enough.
Using the conformal invariance of
∫ |A0|2 dµ, this implies that for every δ > 0
∫
h−1(Rn\B2δ(v))
|A0h|2 dµh ≤ lim inf
k→∞
∫
(Φk◦fk)−1(Rn\Bδ(v))
|A0Φk◦fk |2 dµΦk◦fk
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≤ lim inf
k→∞
∫
f−1
k
(Bδ(x))
|A0fk |2 dµfk .
The last term converges to zero as δ → 0, since by the assumptions of the theorem no
local energy concentration is possible for the sequence of immersions fk. It follows that
A0h ≡ 0 and h is a finitely-covered sphere.
///
Remark 3.1 Using the oriented double cover π : S2 → RP2 it is easy to see that the above
Lemma extends directly to the case of sequences of possibly branched conformal immersions
fk ∈W 2,2(RP2,Sn).
3.1 Higher codimensions
The situation of conformal immersions f : S2 → Rn with n ≥ 4 is easier to handle, since
there exists a counterexample at a lower energy level than in the codimension one case.
In this setting we have a conformal minimal immersion fC : C → C2 with one end of
multiplicity two, the so called Chen graph. It can be parametrized by
fC(z) = (z
2, z)
and it satisfies
∫
C
|AfC |2 dµC = 4π. Inverting the Chen graph at a point x0 /∈ fC(C), yields
a W 2,2-branched conformal immersion fc : S
2 → R4 with exactly one branch point p ∈ S2
of branch order m(p) = 1. In particular, it follows from the generalized Gauss-Bonnet
theorem (see Corollary 2 and 3 in [Ng12]) that
W(fc) = 8π and
∫
S2
|Afc |2 dµc = 20π.
Moreover, any branched conformal immersion fb : S
2 → Rn, n ≥ 4, with at least one
branch point of branch order m(p) = 1 satisfies
W(fb) ≥ 8π and
∫
S2
|Afb |2 dµb ≥ 20π.
The following result was shown in Theorem 4.4 of [LaNg14]
Theorem 3.2 There exists δ0 > 0 such that for every 0 < δ < δ0 and every immersion
f ∈ W 2,2conf,br(S2,Rn), n ≥ 4, where f has exactly one branch point p ∈ S2 of branch
order m(p) = 1 and which satisfies 20π ≤ ∫
S2
|A|2dµ ≤ 20π + δ, there exists a Mo¨bius
transformation σ : Rn → Rn, a reparametrization φ : S2 → S2, a constant ω(δ), with
ω(δ) → 0 as δ → 0, and a standard immersion fc ∈ W 2,2conf,br(S2,Rn) of an inverted Chen
graph with
||σ ◦ f ◦ φ− fc||W 2,2(S2,Rn) ≤ ω(δ).
Our goal here is to show that there is no rigidity result available for conformal immersions
of the sphere into Rn, n ≥ 4, with at least one double point. This is in sharp contrast
to Theorem 1.3 in [LaNg14], where a rigidity result for immersions from the sphere with
exactly one double point has been proved in the case n = 3.
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We note that every f ∈ W 2,2conf (S2,Rn) with at least one double point satisfies (see
Corollary 2 and 3 in [Ng12])
W(f) ≥ 8π and
∫
S2
|Af |2 dµf ≥ 24π
and the immersions attaining equality have been characterized in [HoOs].
In the following we construct a sequence of smooth conformal immersions f̺ : S
2 →
R
4, ̺ → 0, which have at least one double point and which satisfy W(f̺) ց 8π,∫
S2
|Af̺ |2 dµf̺ ց 24π but so that for any sequence of Mo¨bius transformations Φ̺ : R4 →
R
4 and any sequence of reparametrizations ψ̺ : S
2 → S2, the new sequence Φ̺ ◦ f̺ ◦ ψ̺
cannot converge weakly in W 2,2(S2,R4) to a limiting conformal immersion f : S2 → R4
with exactly one double point and with W(f) = 8π and ∫
S2
|Af |2 dµf = 24π.
Here is the precise construction:
For every ̺ > 0 we define an immersion f̺ : C→ C2 by
f̺(z) := ̺
2fC(̺
−1z) = (z2, ̺z).
Next we choose a smooth function ϕ : C → C with ϕ(z) = z for all |z| ≤ 12 , ϕ ∈
C∞c (B1(0)) and we define a new immersion h̺ : C→ C2 by
h̺(z) = (z
2, ̺ϕ(z)).
Note that by this construction we are glueing a rescaled Chen graph into a double plane
and moreover we have
W(h̺)→ 0 and
∫
C
|Ah̺ |2 dµh̺ → 4π
as ̺→ 0. The immersion h̺ has a complete end of multiplicity two.
Now we define the inversion at the unit sphere I : R4 → R4, I(x) = x
|x|2
and we let
h˜̺(w) := I(h̺(1/w¯)).
The so defined immersion h˜̺ : C→ R4 is a smooth immersion away from 0 which satisfies
(see again Corollary 2 and 3 in [Ng12] and note that h̺(1/w¯) has a complete end of
multiplicity two at the origin and a branch point of branch order one at infinity with
h̺(0) = 0)
W(h˜̺)→ 4π and
∫
C
|Ah˜̺ |2 dµh˜̺ → 12π
as ̺→ 0.
By construction we have h˜̺(w) = (w
2, 0) for 0 < |w| ≤ 1, and hence we can repeat the
above steps in order to glue in another copy of the rescaled Chen graph f̺ in B1 ⊂ C. In
this way we obtain an immersion h¯̺ : C→ C2 satisfying
W(h¯̺)→ 4π and
∫
C
|Ah¯̺ |2 dµh¯̺ → 16π
as ̺→ 0 and every point in h¯̺(∂B1(0)) is a double point.
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We note that for every z ∈ B(2̺)−1(0)
̺−2h¯̺(̺z) = (z
2, z)
and hence a subsequence of ̺−2h¯̺(̺·) converges locally weakly in W 2,2 on all of C to a
Chen graph as ̺→ 0.
Finally, in order to get a compact image surface, we note that we can find a ball
B1(x0) with x0 ∈ R4 so that ̺−2h¯̺(C) ∩ B1(x0) = ∅ for all ̺ > 0 and hence, by defining
hˆ̺ : C ∪ {∞} ∼= S2 → R4, hˆ̺(z) = Ix0(̺−2h¯̺(̺z)), we obtain a sequence of immersions
satisfying
W(hˆ̺)→ 8π and
∫
S2
|Ahˆ̺ |2 dµhˆ̺ → 24π.
and which converges weakly in W 2,2loc (S
2\{N},R4) to an inverted Chen graph.
If we now assume that there exists a sequence of Mo¨bius transformations Φ̺ : R
4 → R4
and a sequence of reparametrizations ϕ̺ : S
2 → S2 so that Φ̺ ◦ hˆ̺ ◦ ϕ̺ has a subsequence
which converges weakly in W 2,2(S2,R4) to a conformal immersion h ∈ W 2,2(S2,R4) with
at least one double point and so that
W(h) = 8π and
∫
S2
|Ah|2 dµh = 24π,
then it follows that h has exactly one double point d ∈ S2 and h ∈ C∞loc(S2\h−1(d),R4)
and this yields a contradiction to Theorem 3.1.
In order to see that h has exactly one double point, we note that the existence of a
second double point would imply that we can invert the image surface h(S2) ⊂ R4 at one
of the double points in order to obtain a minimal surface h1 with two ends of multiplicity
one,
∫ |Ah1 |2 dµh1 = 8π and which has at least one other double point, without loss of
generality we assume it is at the origin. In this case we can invert h1 at the unit ball in
R
4 and we obtain again a minimal surface h˜1 (see e.g. Corollary 2 in [Ng12]). Using the
transformation formula for the mean curvature under inversions we get
0 = Hh˜1 = |h1|4(Hh1 + 4h⊥1 |h1|−2) = 4|h1|2h⊥1 ,
where (v)⊥ denotes the normal component of v ∈ R4 and hence we conclude that h1 ⊆ Th1.
In particular we conclude that h1 is a cone and therefore Ah1 ≡ 0, which contradicts the
fact that
∫ |Ah1 |2 dµh1 = 8π.
We conclude that h1 is a conformal minimal immersion and hence it is smooth. This
shows that h is smooth in S2 away from the preimages of its double point.
The same construction can be performed with fC being replaced by the conformal
minimal immersion fm(z) = (z
m, z) for every m ≥ 2. Note that ∫
C
Kfm dµfm = 2π(1−m)
and therefore
∫
C
|Afm |2 dµfm = 4π(m − 1). Glueing two appropriately rescaled immer-
sions fm into a m-plane (z
m, 0) and inverting the resulting surface, yields a sequence of
immersions f̺ : S
2 → C2 withW(f̺)→ 4mπ and
∫
S2
|Af̺ |2 dµf̺ → 8π(2m−1), as ̺→ 0.
Note that these energy values are also attained by inverting minimal surfaces with m-ends
of multiplicity one. Hence, we obtain a non-rigidity result for all these energy levels.
In particular we obtain the following Theorem.
Theorem 3.3 For any number m ∈ N, m ≥ 2, there exists a sequence of smooth con-
formal immersions f̺ : S
2 → R4, ̺ → 0, which have at least one point of multiplicity
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m and which satisfy W(f̺) ց 4mπ,
∫
S2
|Af̺ |2 dµf̺ ց (2m − 1)8π but so that for any
sequence of Mo¨bius transformations Φ̺ : R
4 → R4 and any sequence of reparametrizations
ψ̺ : S
2 → S2, the new sequence Φ̺ ◦ f̺ ◦ ψ̺ cannot converge weakly in W 2,2(S2,R4) to a
limiting conformal immersion f : S2 → R4 with exactly one point of multiplicity m and
with W(f) = 4mπ and ∫
S2
|Af |2 dµf = (2m− 1)8π.
3.2 Codimension one
Next we look at conformal immersions f : S2 → R3 and we note that in this case we have
a surface with one end of multiplicity three, the Enneper surface
fE(z) = −1
9
(z3, 0) +
1
3
(x,−y, x2 − y2),
where z = x+ iy. This is a conformal minimal immersion which satisfies
∫
C
|AfE |2 dµfe =
8π. Inverting the Enneper surface yields a W 2,2-branched conformal immersion fe : S
2 →
R
3 with exactly one branch point p ∈ S2 of branch order m(p) = 2. In particular, it follows
from Corollary 2 and 3 in [Ng12] that
W(fe) = 12π and
∫
S2
|Afe |2 dµfe = 32π.
Next we note that every f ∈W 2,2conf (S2,R3) with at least one triple point satisfies (see
again Corollary 2 and 3 in [Ng12])
W(f) ≥ 12π and
∫
S2
|Af |2 dµf ≥ 40π
and the inversion of a trinoid is an example of a conformal immersion with a triple point
attaining equality in both estimates. Note that after an inversion at a triple point of
an immersion attaining equality in the above estimates, one obtains a complete minimal
immersion with
∫
C
|A|2 dµ = 16π and these have been classified by Lopez [Lo92].
As in the previous subsection we construct a sequence of conformal immersions with
W (fk) → 12π and
∫
S2
|Af̺ |2 dµf̺ → 40π but for which no composition with a Mo¨bius
transformation resp. reparametrization converges weakly to an immersion f : S2 → R3
with at least one triple point and whose Willmore energy is equal to 12π and with∫
S2
|Af |2 dµf = 40π.
In order to do this, we define for every ̺ > 0 the rescaled Enneper surfaces (z = x+ iy)
f̺(z) = ̺
3fE(̺
−1z) = −1
9
(z3, 0) +
1
3
(̺2x,−̺2y, ̺(x2 − y2)).
Next we chose a smooth function ϕ : C→ R with ϕ(z) = 1 for all |z| ≤ 12 , ϕ ∈ C∞c (B1(0))
and we define new immersions
h̺(z) = −1
9
(z3, 0) +
1
3
ϕ(z)(̺2x,−̺2y, ̺(x2 − y2)).
As ̺→ 0 we have that
W(h̺)→ 0 and
∫
C
|Ah̺ |2 dµh̺ → 8π.
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As in the previous subsection we invert this immersion at the unit sphere in both the
domain and the image and we glue in another copy of the rescaled Enneper surface in the
unit ball. In this way we obtain an immersion h¯̺ : C→ R3 with at least one triple point,
W(h¯̺)→ 8π and
∫
C
|Ah¯̺ |2 dµh¯̺ → 32π
and so that ̺−3h¯̺(̺·) converges locally weakly in W 2,2 on C to an Enneper surface as
̺→ 0.
After an inversion Ix0 at a unit ball around a point x0 /∈ h¯̺ we then get the existence
of a sequence of immersions h˜̺ : S
2 ∼= C ∪ {∞} → R3, h˜̺(z) = Ix0(̺−3h¯̺(̺z)) with at
least one triple point,
W(h˜̺)→ 12π and
∫
S2
|Ah˜̺ |2 dµh˜̺ → 40π
and which converges weakly in W 2,2loc (S
2\{N},R3) to an inverted Enneper surface.
Using the same arguments as in the case of higher codimensions we combine this
construction with Theorem 3.1 in order to get a contradiction to a rigidity result for
conformal immersions f : S2 → R3 with at least one triple point.
This construction can again be extended to a non-rigidity result for inversions of min-
imal surfaces with (2m + 1)-ends, m ∈ N, of multiplicity one. Namely, there exist the so
called higher order Enneper surfaces fHE : C→ R3,
fHE(z) = Re
(
z − (2m+ 1)−1z2m+1, i(z + (2m+ 1)−1z2m+1), 2(m + 1)−1zm+1)
which are conformal minimal immersions with one end of multiplicity 2m+1. By glueing
two rescaled versions of these higher order Enneper surfaces into a (2m+1)-plane, we get
again a non-rigidity result for all conformal immersions f : S2 → R3 with at least one
point of multiplicity 2m + 1 and W(f) = (8m + 4)π, ∫
S2
|Af |2 dµf = (32m + 8)π. Note
that this construction only works for odd multiplicities, since there do not exist complete
minimal surfaces in R3 with finite total curvature and one end of even multiplicity by a
result of Osserman [Os64].
An example of a conformal immersion with a quadruple point and minimal Willmore
energy resp.
∫ |A|2 is the Morin surface fMo : S2 → R3. It satisfies W(fMo) = 16π
and
∫
S2
|AfMo |2 dµfMo = 56π. In this case we can construct a counterexample to the
rigidity as follows: It was shown by Lopez [Lo92] that there exists a complete minimal
surface f1 : C\{0} → R with one end of multiplicity three and one end of multiplicity
one, i.e. with
∫
C
Kf1 dµf1 = −8π or
∫
C
|Af1 |2 dµf1 = 16π. The surface is given explicitely
by its Weierstrass representation and one easily calculates that the blow-down of the
surface converges to the union of a triple plane and a single plane, which intersect in
a line, away from the origin. Hence, inverting f1 at a point not in its image (say 0 /∈
f1(C\{0}), we get a branched conformal immersion f⋆1 : S2 → R3 with f⋆1 (±N) = 0.
Close to N we can now glue in a triple plane and close to −N we glue in a single plane
without changing the energies too much. Additionally, we can assume that close to N the
immersion f⋆1 parametrizes an annulus A1 := B1(0)\B1/2(0) in the triple plane P1 and
close to −N , f⋆1 parametrizes an annulus A2 := B1(0)\B1/2(0) in the single plane P2. The
set P1 ∩P2 contains a line L in R3 and hence the new immersion has quadruple points on
L ∩ B1\B1/2(0). Finally, we can glue in a rescaled copy of the Enneper surface into the
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triple plane we already glued in close to N . In this way we obtain a sequence of immersions
f̺ : S
2 → R3 with at least one quadruple point and W(f̺)→ 16π,
∫
S2
|Af̺ |2 dµf̺ → 56π.
In particular, this construction implies again a non-rigidity result for the Morin surface.
Combining the constructions we obtain the following theorem.
Theorem 3.4 For any number m ∈ N, m = 4 or m = 2k + 1 with k ∈ N, there exists a
sequence of smooth conformal immersions f̺ : S
2 → R3, ̺ → 0, which have at least one
point of multiplicity m and which satisfy W(f̺) ց 4mπ,
∫
S2
|Af̺ |2 dµf̺ ց (2m − 1)8π
but so that for any sequence of Mo¨bius transformations Φ̺ : R
3 → R3 and any sequence
of reparametrizations ψ̺ : S
2 → S2, the new sequence Φ̺ ◦ f̺ ◦ ψ̺ cannot converge weakly
in W 2,2(S2,R3) to a limiting conformal immersion f : S2 → R3 with exactly one point of
multiplicity m and with W(f) = 4mπ and ∫
S2
|Af |2 dµf = (2m− 1)8π.
3.3 RP2 in codimension one
In this subsection we show that a rigidity result for minimizers f : RP2 → R3 of W similar
to Theorem 2.1 fails in codimension one.
It follows from a topological result of Banchoff [Ba74] that every smooth immersion
f : RP2 → R3 has to have at least one triple point, and hence it follows from Theorem 10,
Corollary 2 and 3 in [Ng12] that for every conformal immersion f ∈ W 2,2(RP2,R3) one
has
W(f) ≥ 12π and
∫
RP
2
|Af |2 dµf ≥ 44π.
It was shown by Bryant [Br88] and Kusner [Kus87, Kus89] that there exists a minimizing
conformal immersion, the Boy’s surface, fB : RP
2 → R3 with
W(fB) = 12π and
∫
RP
2
|AfB |2 dµfB = 44π.
We note that this surface is an inversion of a complete non-oriented, non-embedded min-
imal immersion with three ends of multiplicity one.
On the other hand, Meeks [Me81] constructed a minimal immersion fM : RP
2\{p} →
R
3 with one end p ∈ RP2 of mulitiplicity three and ∫ KfM dµfM = −6π. The Weierstrass
data of this non-orientable minimal surface is (see [LoMa99])
(M, I, g, η) = (C\{0}, I(z) = −1/z¯, g(z) = z2 z + 1
z − 1 , η = i
(z − 1)2
z4
dz).
Integrating this data shows that for |z| >> 1 the conformal minimal immersion f˜M :
C\{0} → R3 satisfies
f˜M (z) = −(iz3/6, 0) + (O(z2), O(z)).
In particular the same expansion remains true for fM close to the single end p. This
shows that by performing a blow-down f̺(z) = ̺
3fM(̺
−1z) the immersions converge
locally smoothly away from the point p to the triple plane −(iz3/6, 0).
Inverting the surface fM at ∂B1(0), without loss of generality we assume 0 /∈
fM (RP
2\{p}), one obtains a branched conformal immersion fm : RP2 → R3 with a single
branch point p ∈ RP2 of branch order m(p) = 2 and which satisfies
W(fm) = 12π and
∫
RP
2
|Afm |2 dµfm = 36π.
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In the following we glue a rescaled Enneper surface into a rescaling of the branched mini-
mizer fm in order to construct a sequence of immersions of RP
2 into R3 which contradicts
a rigidity result similar to Theorem 2.1. Moreover, the construction shows additionally
that minimizing sequences of W 2,2(RP2,R3)-conformal immersions for the Willmore func-
tional may degenerate in the sense that after composing the sequence with suitably chosen
sequences of Mo¨bius transformations and reparametrizations the new sequence can con-
verge to an Enneper surface. This gives an answer to a question mentioned on page 240
of [Br88].
In order to perform this construction we note that it follows from the above discussion
that in a small neigborhoud, say B2δ(p)\Bδ(p), around p, the immersion fm looks like a
triple plane −(iz3/6, 0) up to an error which smoothly converges to zero as δ → 0. Hence
we can use a similar construction as in subsection 3.2 and we can glue in a rescaled version
f̺ of the Enneper surface in Bδ(p).
With this construction one obtains a sequence of immersions fˆ̺ : RP
2 → R3 so that
W(fˆ̺)→ 12π,
∫
RP
2
|Afˆ̺ |2 dµfˆ̺ → 44π
and whose blow-up (in local conformal coordinates around p) ̺3fˆ̺(̺
−1·) : B2δ̺(0) → R3
converges locally weakly in W 2,2(C,R3) to the Enneper surface.
Arguing as in the previous two subsections one can combine this construction with
Theorem 3.1 (see also Remark 3.1) to get the non-rigidity result for the Boy’s surface.
Theorem 3.5 There exists a sequence of smooth conformal immersions f̺ : RP
2 → R3,
̺ → 0, which have at least one point of multiplicity 3 and which satisfy W(f̺) ց 12π,∫
RP
2 |Af̺ |2 dµf̺ ց 44π but so that for any sequence of Mo¨bius transformations Φ̺ : R3 →
R
3 and any sequence of reparametrizations ψ̺ : RP
2 → RP2, the new sequence Φ̺ ◦ f̺ ◦ψ̺
cannot converge weakly in W 2,2(RP2,R3) to a limiting conformal immersion f : RP2 → R3
with exactly one point of multiplicity 3 and with W(f) = 12π and ∫
RP
2 |Af |2 dµf = 44π.
Appendix
A Convergence of conformal factors under strong W 2,2-
convergence of conformal immersions
In this appendix we prove a convergence result for the conformal factors of a strongly
converging sequence of conformal immersions.
Theorem A.1 Let Σ be a closed surface with a smooth metric gΣ and let fk ∈
W 2,2conf (Σ,R
n) be a sequence of conformal immersions with induced metrics gk = f
⋆
kgeuc =
e2ukgΣ. We assume that
fk → f ∈W 2,2conf (Σ,Rn)
converges strongly in W 2,2(Σ,Rn) and that there exists a constant C <∞ so that
‖uk‖L∞(Σ) ≤ C.
Then we have that
‖uk − u‖L∞(Σ) → 0,
where u is the conformal factor of f , i.e. g = f⋆geuc = e
2ugΣ.
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Proof:
The assumptions of the theorem imply that gk → g weakly in W 1,2 and strongly in Lp for
all 1 ≤ p <∞. In particular, after selecting a subsequence, we conclude that gk → g and
uk → u pointwise almost everywhere.
We let ε > 0 and by using the strong convergece of the fk in W
2,2 we find finitely
many conformal charts ϕi : Ui ⊆ Σ ≈−→B2(0), such that the subsets Vi = ϕ−1i (B1(0)) form
a covering of Σ, i.e. Σ = ∪iVi, and so that for all i we have
sup
k
∫
Ui
|Afk |2 dµgk < ε.
We fix i and define the conformal immersions
f˜k,i := fk ◦ ϕ−1i : B2(0)→ Rn
and
f˜i := f ◦ ϕ−1i : B2(0)→ Rn.
Moreover, we let g˜k,i := f˜
∗
k,igeuc = e
2u˜k,igeuc resp. g˜i := f˜
∗
i geuc = e
2u˜igeuc and we observe
that
(uk − u) ◦ ϕ−1i = u˜k,i − u˜i,
and in particular this yields u˜k,i → u˜i almost everywhere in B2(0).
Using [Sch13], Proposition 5.1, or [KuLi12], Corollary 2.4, there exist functions vk,i :
B2(0)→ R and vi : B2(0) → R, so that u˜k,i − vk,i and u˜i − vi are harmonic in B2(0) and
so that
‖ vk,i ‖L∞(B2(0))≤ Cn
∫
B2(0)
|Af˜k,i |
2 dµg˜k,i ≤ Cnε
resp.
‖ vi ‖L∞(B2(0))≤ Cn
∫
B2(0)
|Af˜i |2 dµg˜i ≤ Cnε.
Using these facts we conclude
‖ uk − u ‖L∞(Vi)=‖ u˜k,i − u˜i ‖L∞(B1(0))≤ ‖u˜k,i − vk,i − (u˜i − vi)‖L∞(B1(0)) + Cnε
≤ C‖u˜k,i − vk,i − (u˜i − vi)‖L1(B2(0)) + Cnε ≤ C‖u˜k,i − u˜i‖L1(B2(0)) + Cnε→ Cnε,
and therefore
lim sup
k→∞
‖ uk − u ‖L∞(Σ)≤ Cnε
from which we get that uk → u in L∞(Σ).
///
As a Corollary of this result we obtain
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Corollary A.2 Let Σ be a closed surface with a smooth metric gΣ and let fk ∈
W 2,2conf,loc(Σ\{p},Rn) be a sequence of branched conformal immersions with at most one
branch point p ∈ Σ of branch order m, for some m ∈ N0, and with induced metrics
gk = f
⋆
kgeuc = e
2ukgΣ. We assume that fk → f converges weakly in W 2,2(Σ,Rn) and that
f is a branched conformal immersion which has again a branch point p ∈ Σ of branch
order m. Moreover, we assume that
∫
Σ
|Afk |2 dµfk →
∫
Σ
|Af |2 dµf .
Then we have that
‖uk − u‖L∞(Σ) → 0,
where u is the conformal factor of f , i.e. g = f⋆geuc = e
2ugΣ.
Proof:
As in the proof of the Theorem, the assumptions of the theorem imply that gk → g weakly
in W 1,2 and strongly in Lp for all 1 ≤ p <∞. In particular, after selecting a subsequence,
we conclude that gk → g and uk → u pointwise almost everywhere.
We let ε > 0 and by using the convergence assumptions on fk and the L
2-norm of
the second fundamental form of fk, we find finitely many conformal charts ϕi : Ui ⊆
Σ
≈−→B2(0), such that the subsets Vi = ϕ−1i (B1(0)) form a covering of Σ, i.e. Σ = ∪iVi,
and so that for all i we have
sup
k
∫
Ui
|Afk |2 dµfk < ε.
Without loss of generality we assume that p ∈ V1 and p /∈ Vi, i ≥ 2.
It follows from Remark 2.5 and the proof of Theorem 3.2 in [LaNg14] that there exists
a constant C < +∞ so that
‖u‖L∞(Vi) ≤ C for i ≥ 2
and
‖u−m log | · |‖L∞(V1) ≤ C.
We fix i and define as before the conformal immersions
f˜k,i := fk ◦ ϕ−1i : B2(0)→ Rn
and
f˜i := f ◦ ϕ−1i : B2(0)→ Rn.
Moreover, we let g˜k,i := f˜
∗
k,igeuc = e
2u˜k,igeuc resp. g˜i := f˜
∗
i geuc = e
2u˜igeuc and we observe
that
(uk − u) ◦ ϕ−1i = u˜k,i − u˜i.
In particular this yields u˜k,i → u˜i almost everywhere inB2(0) for i ≥ 2 and u˜k,i−m log |·| →
u˜i −m log | · | almost everywhere in B2(0) for i = 1.
For i ≥ 2 we argue as in the proof of Theorem A.1 in order to get
‖ uk − u ‖L∞(Vi)=‖ u˜k,i − u˜i ‖L∞(B1(0))≤ ‖u˜k,i − vk,i − (u˜i − vi)‖L∞(B1(0)) + Cnε
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≤ C‖u˜k,i − vk,i − (u˜i − vi)‖L1(B2(0)) + Cnε ≤ C‖u˜k,i − u˜i‖L1(B2(0)) + Cnε→ Cnε.
In the case i = 1 we argue as in the proof of Theorem 3.1 in [KuLi12] in order to construct
functions vk,1 : B2(0) → R and v1 : B2(0) → R, so that u˜k,1 − m log | · | − vk,1 and
u˜1 −m log | · | − v1 are harmonic in B2(0) and so that
‖ vk,1 ‖L∞(B2(0))≤ Cn
∫
B2(0)
|Af˜k,1 |
2 dµf˜k,1 ≤ Cnε
resp.
‖ v1 ‖L∞(B2(0))≤ Cn
∫
B2(0)
|Af˜1 |2 dµf˜1 ≤ Cnε.
The same argument as in the Theorem above then also yields
‖ uk − u ‖L∞(V1)≤‖ (u˜k,1 −m log | · |)− (u˜1 −m log | · |) ‖L∞(B1(0))≤ Cnε.
Combining the estimates for all Vi implies
lim sup
k→∞
‖ uk − u ‖L∞(Σ)≤ Cnε
from which we get that uk → u in L∞(Σ).
///
Remark A.1 We note that Theorem A.1 and Corollary A.2 show that the rigidity results
obtained in Theorem 1.3, 1.4 , 4.2 and 4.4 in [LaNg14] directly imply a corresponding
rigidity result for the conformal factors in the L∞-norm as well.
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